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Inviscid Flolvfield of an Unsteady Airfoil
W. J. MCCROSKEY*

US. Army Air Mobility R& D Laboratory, Moffet Field, Calif.

Simple formulas have been developed from thin airfoil theory to describe the detailed inviscid, incompressible
flowfield of an unsteady airfoil with thickness and camber. The solutions allow the various physical aspects of the
problem and the parameters of the unsteady motion to be identified easily. The results agree well with numerical
calculations and pressure measurements. The unsteady phase lag and attenuation of the inviscid pressure gradients
near the leading edge explain the dynamic delay in laminar boundary-layer separation on oscillating airfoils, but
not the characteristics of dynamic stall.

Nomenclature
A, a = pitch axis location relative to the leading edge and mid-

chord, respectively, nondimensionalized by c and c/2
C(k) = Theodorsen function, F + iG
C*(k,X) = modified Theodorsen function for velocity
Cp = pressure coefficient; (p — p^/^pu^2

Clx = steady lift curve slope
c = airfoil chord
F, F* = real parts of C and C*, respectively
/ = real part of S
G, G* = imaginary parts of C and C*, respectively
g — imaginary part of S
h = plunging displacement
Iw, Iw* = integrals giving the effect of the wake on the pressure and

velocity distributions, respectively
jn(k) = Bessel function of the first kind
k = reduced frequency, a)c'l2u^
p = pressure
R = ratio of unsteady to steady solutions for pressure coefficient

on a flat plate
Re — Reynolds number based on u^ and c
r0 = leading-edge radius, nondimensionalized by c
S = ratio of unsteady to steady solutions for pressure gradients

on a flat plate
s. — dimensionless time, 2wQO t/c
T = ratio of unsteady to steady solutions for velocity on a flat

plate
t = time
U = surface velocity on the airfoil, nondimensionalized by wx i
u^ — freestream velocity
Vv Vc, Va = thickness, camber, and angle-of-attack components of sur-

face velocity on a steady airfoil
vv0 =• vertical gust velocity, nondimensionalized by u^
X,x — chordwise coordinate measured from the leading and from

midchord, respectively, nondimensionalized by c and c/2
Yn(k) = Bessel function of the second kind
a = instantaneous angle of attack relative to the "ideal"

incidence
yw •= wake vorticity, nondimensionalized by c/2 and u^
£ = chordwise coordinate in the wake measured from midchord,

nondimensionalized by c/2
p = density
0(5) = Wagner lift deficiency function
O*(s, X) = modified Wagner function for velocity
</> = nondimensional velocity potential
*¥(s) = Kussner lift deficiency function
*¥*(s, X) = modified Kussner function for velocity
CD = angular velocity
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I. Introduction

FOR many years, unsteady thin airfoil theory has been used
to explain and predict aerodynamic and hydrodynamic

flutter, airloads during rapid aircraft maneuvers or gust entry,
and periodic fluid dynamic forces in turbomachinery. However,
the important problem of dynamic stall is still not well under-
stood. To begin to analyze this complex viscous-inviscid inter-
action problem, one needs more details of the inviscid flowfield
structure and greater accuracy in the leading-edge region than
are readily available from existing solutions.1 ~10

This paper does not attempt to solve the dynamic stall problem,
but the first part of it contains simple and concise formulas that
describe the detailed incompressible, inviscid flowfield of an un-
steady airfoil with thickness and camber. Perhaps these solutions
will be useful in future unsteady boundary-layer analyses. The
second part of the paper considers the extent to which purely
inviscid considerations can explain observed differences between
static and dynamic airfoil behavior, particularly regarding
laminar boundary-layer separation and the onset of dynamic
stall.

II. Analysis
The twin goals of the analysis are simplicity and accuracy:

simplicity to allow the parameters and physical effects of the
unsteady motion to be identified easily, and sufficient accuracy
to permit meaningful unsteady boundary-layer or viscous-
inviscid interaction studies to proceed. In this section, we consider
only the basic concepts of the analysis and cite the results.
Further details are given in the Appendix.

The basic idea, illustrated in Fig. 1, is an extension of Alien's
method11"12 for steady airfoils; this method overcomes the
difficulties and inaccuracies of classical linearized thin airfoil
theory without losing its explicit simplicity. Consider a rigid
airfoil executing unsteady pitching and plunging motion in an
irrotational, incompressible fluid. As the bound circulation of the
airfoil changes, vorticity is shed into a thin wake that trails
behind. The velocity potential satisfies the Laplace equation,
subject to the boundary condition of tangential flow along the
surface of the airfoil and along the constant pressure sheet of
trailing vorticity. Let us invoke a slight extension of the well-
known mean surface approximation by applying this boundary
condition along the entire X-axis, on the airfoil and in the wake
as well, where the trailing vorticity is assumed to drift with
velocity u^. Then this linearization permits us to write the
velocity potential as a sum of separable thickness, camber, and
angle-of-attack components, as follows:

0 = </>, + (/>c+</>fl (1)
The present analysis differs from previous investigations of un-

steady airfoils with thickness5"10 primarily in the way in which



AUGUST 1973 INVISCID FLOWFIELD OF AN UNSTEADY AIRFOIL 1131

STEADY: U = Vt + Vc + VQa

UNSTEADY: U = Vt + Vc + VaaT

WHERE: Vt )
M

vc 1 = fns (x/c); T =fn(x/c, ̂ )
VQ)

Fig. 1 The unsteady flow over an airfoil divided into thickness, camber,
and angle-of-attack components. The functions Vt9 Kc, and Va are
calculated from steady airfoil theory and T is the ratio of unsteady to

steady velocity on a flat plate.

(j> is calculated. First, we recognize that the thickness and camber
solutions in Eq. (1) are independent of time for a rigid airfoil.
Second, we note that the unsteady wake contributions to <t> are
the same as those for a flat plate; e.g., Theodorsen's solution1

for oscillatory motion, Wagner's problem2 of impulsive motion,
or Kussner's or von Karman and Sears' sharp-edged gusts.3'4
Then as indicated in Fig. 1, the unsteady solution for the velocity
along the surface of the airfoil is simply the sum of thickness,
camber, and angle-of-attack components

U(X,t) = Vt±Vc±VaaT (2)
where the signs refer to the upper and lower surfaces, respectively,
and a(0 is in radians.t The function T(X, t), which contains all
the unsteady effects, is the ratio of the unsteady to quasi-steady
solutions for a flat plate at angle of attack a. In other words, we
have merely substituted ccT in place of a in the steady theory to
obtain an unsteady solution of comparable quality.

From the unsteady Bernouilli equation, the chordwise pressure
distribution is

Cp=l-U2-(2c/uJd$a/dt (3)
where U is given by Eq. (2) and d<t>a/dt can be developed from
the appropriate thin airfoil solution for an unsteady flat plate.
Considerably more insight and simplicity can be achieved, how-
ever, if we evaluate U2 in the classical manner of thin airfoil
theory for small disturbances. For the upper surface, for example,
Eq. (2) can be squared and rearranged as follows :
U2 = 2(Vt + Vc + VaocT)- 1 + (K t+ V- 1)2 +

= 2(Vt+ Vc+ VaaT)- 1 + second-order terms
Therefore, the linearized pressure coefficient is

or
^CpUN=l-Vt-Vc-VaxR (4)

where R = T+ (c/u^ Va a) d<f)fdt. The important point here is that
R(X, t) is directly analogous to T(X, t), in that it contains all the
unsteady effects for the pressure distribution, and it is the ratio
of the unsteady to quasi-steady solutions for a flat plate at angle
of attack a.

t For comparison with the notation of Ref. 12, Vt — v/V;
Vc = Av/V; Va = ClyAva/V; a = (<xg—af); ag is the instantaneous geo-
metric incidence; and a£ is the "ideal" incidence, at which the steady-
state stagnation point is located at the geometric leading edge. The
details of the thickness and camber functions depend upon the airfoil
geometry, but Vt always vanishes at the leading edge and rises to values
of order 1 elsewhere, and for most airfoils 0 ̂  Vc < 0.5. The function
Va attains values of order (2/r0)1/2 at the leading edge and [(1 - X)/X]1/2

downstream.

The location of the stagnation point can be determined in a
manner analogous to van Dyke's13 and Ville's14 treatment of the
leading-edge region of a steady airfoil. That is Eq. (2) is applied
to an inclined parabola or ellipse with the same leading edge
radius as the airfoil. The result in the present nomenclature is

l/2

(5)

(6)

Therefore, to second order the stagnation point is located on the
lower surface of the airfoil at the chordwise position

Alternatively, K may be substituted for T in the leading-edge
region, as shown in the next section.

The Functions T and R
We turn now to the two functions that describe the differences

between static and dynamic behavior. Both R and T consist of
"noncirculatory" and "circulatory" components; the former
depend only upon the instantaneous motion of the airfoil, while
the circulatory components depend upon the history of the
motion through the influence of the time-dependent vorticity in
the wake.

Almost every investigator of unsteady airfoils considers the
linearized pressure distribution; the results of the analysis sum-
marized in the Appendix are

1 rtr f~ric lie 'dc

4 !! |_Woo
(8)

where

i.e., Q is the instantaneous vertical velocity at the rear neutral
point, X — \, and the wake effects are described by

For sinusoidal oscillations, Iw = C(k), the Theodorsen function.
Other fundamental special cases are 1) indicial response to a step
change in a

aR = Aa<I>(s) (Wagner Function)
2) Sharp-edged gust response

ocR = w0
vF(5) (Kussner Function)

Using these known results in Eq. (4), we can determine the un-
steady pressure distribution on the airfoil and see explicitly the
predominant effects of airfoil geometry and unsteady motion.

Unfortunately, the analogous expression for the velocity
function

uT= QIvv* + (X—^Ac/uao) (10)
cannot be expressed entirely in terms of known functions. Rather,
the wake integrals depend upon X as well as u^ t/c; viz.,
lJ(umtlc,X) =

1

i;
The denominator and the first term in the numerator of Eq. (11)
are identical to the integrals in Eq. (9). It should be mentioned
that these integrals present formal mathematical difficulties of
convergence, but fortunately this has been treated exhaustively by
previous authors,1""4'15 and their analyses and results can be
utilized directly. The second term in the numerator represents
the wake contribution to d<j)/dt in Eq. (3). It vanishes .at the
leading edge and is less singular than 1/(1 — X)i/2 at the trailing
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Table 1 Values of the modified Theodorsen function C* = F* + iG*
for velocity

X = 0 X = 0.25 X = 0.50 X = 0.75 X = 0.90

0.025
0.050
0.100
0.200
0.300
0.500
1.000
2.000
5.000
10.000

0.9543
0.9090
0.8319
0.7275
0.6649
0.5979
0.5394
0.5129
0.5023
0.5006

0.9518
0.9013
0.8115
0.6822
0.5994
0.5044
0.4117
0.3626
0.3394
0.3349

0.9481
0.8901
0.7807
0.6112
0.4943
0.3488
0.1864
0.0821
0.0203
0.0058

0.9412
0.8685
0.7203
0.4672
0.2755
0.0111

-0.3390
-0.6291
-0.8724
-0.9558

0.9295
0.8317
0.6161
0.2146

-0.1147
-0.6088
- 1.3625
-2.1406
-3.0625
-3.5572

-G*

0.025
0.050
0.100
0.200
0.300
0.500
1.000
2.000
5.000

10.000

0.0872
0.1306
0.1723
0,1886
0.1793
0.1507
0.1002
0.0576
0.0245
0.0124

0.1010
0.1557
0.2135
0.2463
0.2432
0.2158
0.1552
0.0955
0.0429
0.0220

0.1234
0.1968
0.2828
0.3477
0.3596
0.3415
0.2727
0.1861
0.0919
0.0487

0.1717
0.2866
0.4380
0.5857
0.6445
0.6721
0.6258
0.5075
0.3091
0.1815

0.2632
0.4584
0.7406
1.0672
1.2415
1.4101
1.5211
1.4847
1.2046
0.8699

edge, so that the product Vau.T vanishes there. There are no
further difficulties, since the integrand behaves like l/£2 as
£-» oo.

It is natural to define starred functions for the special cases
mentioned above; then 1) sinusoidal oscillations, oc = oL0 + oii el<01

2) indicial response to a step change in a

3) sharp-edged gust response

<x>*(x,s)

5 10
S = 2U«t/C

Fig. 3 Modified Wagner function for the velocity distribution on an
airfoil with a step change in angle of attack.

The function C* = F* + iG* is plotted in Fig. 2 and tabulated
in Table 1. The predominant behavior of F*(k, X) is given by

The latter approximation improves with increasing k. The
behavior of the function G*(k, X) is more complicated, and it
changes in the vicinity of k = 0.2, where G attains its maximum
negative value of —0.1886. Excluding the trailing edge region,
G* behaves approximately as follows :

The relationship between <D* and C* is given by Eq. (A7) in the
Appendix, and Fig. 3 shows the variation of <D* with X and s. The
limiting behavior of O* is the following :

s->0; ®*&(®
s -» oo <D* £s O

The results of this section are summarized in Table 2 for
sinusoidal oscillations, a + h/u^ — a0 + (a1 + /i1)sincot. We see
that the parameters of the unsteady motion are the reduced

( I -X)F*

-(I-X)G*

_ 5 i I i i i i i i i i

Fig. 2 Real and imaginary parts of the modified Theodorsen function
for the velocity distribution on an oscillating airfoil.

Table 2 Summary of solutions for velocity, pressure, and stagnation
point location on an oscillating airfoil

U = Vt+Vc+VaaT

$CpLW=l-Vt-Ve-Vm*R

\dX dX dX

where

-i)]} cos cot

sin cot-\-{hl[G-{-2kX (2AT-1)] +
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a = 6.2° + 6.4° sin art

————— PRESENT APPROXIMATE SOLUTION
———— OLSEN AND BERMAN'S NUMERICAL

SOLUTION

a = 5.8° + 6.1° sin cut
k = 0.27, A = 0.25

3 r

U(X = 0)

27T

Fig. 4 Comparison of solutions for the leading edge velocity on an
11% symmetrical Joukowski airfoil pitching about X = 0.5.

frequency k, the amplitude ratios ctJatQ and hJvL0, and the pitch
axis location A. Airfoil thickness and camber effects enter through
the functions Vt, Vc, and Va, and leading-edge geometry would
appear to be as important in the unsteady case as it is for
stationary airfoils. Further physical insights will emerge in the
following discussions.

Comparison with Numerical Solution
Figure 4 shows the results of the preceding section applied

to the leading edge of an 11% thick symmetrical Joukowski
airfoil, oscillating in pitch at a = 6.22° + 6.38° sin cot, for three
values of reduced frequency. The quasi-steady (k = 0) velocity at
X = 0 is linearly proportional to the instantaneous value of a.
However, the phase lag and amplitude reduction grow rapidly
with k, and significant unsteady effects are apparent even for
k = 0.3.

Also shown in the figure are the recent numerical results
of Olsen and Berman.10 The excellent agreement between the two
results at k = 0.3 is not surprising, since Alien's method11 is
accurate for the steady case and the actual wake deformation
is small at this reduced frequency.

At the much larger k of 3.0, the agreement in the leading-edge
velocities is still rather good, although one might wonder about
the solution at other chordwise positions. Accordingly, the
steady, in-phase, and quadrature components of U over the entire
upper surface are plotted in Fig. 5. Not shown are the higher
harmonics of velocity, which are zero in the present solution

NONLINEAR, EQN 3
——— LINEAR, EQN 4
...____ STEADY (k = 0)

o WINDSOR EXPERIMENT

r STEADY

IN -PHASE

-c.Po

Fig. 6 Theoretical and experimental components of the upper surface
pressure coefficient on an NACA 0012 airfoil pitching about X = 0.25.

Cp = Cp0 + Cpl sin cot + Cp2 cos cot + Cp3 sin 2cot + Cp4r cos 2cot.

and very small in Olsen and Berman's results. The agreement is
surprisingly good, except in the immediate vicinity of the trailing
edge. This agreement is particularly gratifying in view of the
simplicity and convenience of the present results.

Comparison with Experiment

Figure 6 shows the various components of the absolute pres-
sure coefficient on an oscillating NACA 0012 airfoil, in com-
parison with the highest frequency measurements of Windsor.16

The solid line shows the values predicted by the nonlinear
expression, Eq. (3), and the dashed line indicates the linearized
values, Eq. (4). Both correctly predict the qualitative behavior
of large phase lag and amplitude reduction near the leading
edge, but for quantitative agreement one must sacrifice the
simplicity of the linearized result for the accuracy of the complete
Bernouilli equation when dealing with the pressure.

Finally, we should observe that the linearized result does not
admit second harmonics. However, the data show small but
finite values of C 3 and Cp4 in the important region near the
leading edge, and these are well-represented by the complete
pressure formula, Eq. (3).

2.0

1.5'
)

1.0

.5

0

1.5

1.0
'l

.5

STEADY

IN-PHASE

/k =

a =6.2° + 6.4° sin cut
U = UQ + UI sin ajt + Ug cos cut

.25 .50 .75 1.0
X

o OLSEN AND BERMAN

.5

U2

QUADRATURE

/k=0

0 .25 .50 .75 1.0
X

Fig. 5 Theoretical velocity components on the upper surface of an
oscillating 11% symmetrical Joukowski airfoil; A = 0.5.

III. Consideration of Separation and Stall
The general problem of airfoil stall remains unsolved, although

the basic features have been categorized for the steady case and
the angle of attack for static stall ass is well-documented for
many profiles.12'17 It is also well-known that oscillating airfoils
exhibit complex stall hysteresis. That is, an airfoil with positive
a stalls at an angle aD5 greater than the static stall angle, ass,
while the stall recovery during negative a occurs at an angle less
than ass. And, as the airfoil oscillates in and out of stall, the
dynamic forces and moments can attain values that are far greater
than their static counterparts.

Since viscous effects are involved, the problem of stall and
reattachment prediction would seem to lie beyond the scope of
this investigation. However, Carta18 recently speculated that the
phase lag and attenuation of the inviscid pressure distribution
could significantly delay the onset of dynamic stall to angles of
attack well beyond ass. Since Patey's results19 and unpublished
boundary-layer calculations of the writer have indicated that
laminar skin friction and separation are hardly affected by un-
steady viscous effects for many of the unsteady airfoil cases of
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a = a0 + a ( sin cut
k = 0.3, A = 0.25

dp
dx

(— )

1.2

1.0

.8

.6

.4

.2

(Jt = 7T/3 (a INCREASING)

^————~^^
^^^^^^^^^

:ps, —— <±TS— —— ^/

——— NACA 0012, a0 = a, = 6°
——— FLAT PLATE, a0= a\
—— CARTA'S AND PRESENT RESULTS FOR

FLAT PLATE AND a0=0

i i i i i i i i i i
0 .2 .4 .6 .8 1.0

X

Fig. 7 Examples of the reduction in the chordwise pressure gradients
on pitching airfoils when i > 0.

practical interest, Carta's proposal of unsteady inviscid effects
would seem to have some merit.

Carta's analysis was restricted to a flat plate with a0 = 0, but
the results of Sec. II now permit us to examine more carefully
the pressure gradients in the important leading edge region of an
airfoil with thickness. The J^-derivative of Eq. (4) can be written
as

(dCp/dX)LM = - 2[dVJdX + dVJdX + (dVa/dX)*S] (12)
where S(X, t) is given in Table 2. Directly analogous to R and
T in Sec. II, the function S is the ratio of the unsteady to
quasi-steady pressure gradients on a flat plate.

Figure 7 shows flat plate and airfoil results for a0 = 6° super-
imposed on Carta's Fig. 3. A reduction in adverse pressure
gradients due to unsteady effects is evident in all cases, but the
magnitude of the effect is different when airfoil thickness and
mean angle of attack are included.

Now Carta's basic premise is that the chordwise adverse
pressure gradient on the airfoil is one of the most crucial
factors in determining the stall angle of attack. Pursuing this
idea more specifically, let us postulate that some boundary-layer
separation event occurs when dCp/dX near the leading edge
attains a certain value, whatever the rate of change of a. Assuming
that we know this critical value and the angle at which it occurs
in the steady case, astatic, then the assumption is that the same
viscous event will occur in the dynamic case, a = ao + o^ sin cot,
at the same value of dCp/dX but a different angle of attack,
^dynamic- Therefore, we can set Eq. (12) equal to (dCp/dX)static and
solve for ocdynamic, giving the dynamic overshoot
^dynamic ^static _

L(f2+g2)112

where f and g are the in-phase and quadrature components
of 5 (cf, Table 2),

/ = F-kG(l-2A)-4k2X\(2X- l)(X-/4)-i]
g = -G-kF(l-2A}-2k\_2X(2X-\}-$\

It should be mentioned that since / and g depend upon X
as well as A and k, the theoretical separation or stall angles
will depend somewhat upon the choice of X where the critical
event is assumed to occur, e.g., leading-edge stall, trailing edge
separation, separation bubble, etc. Also, if the airfoil oscillates
in and out of stall, the viscous-inviscid interaction may in some
cases alter the vorticity distribution in the wake enough to
affect the inviscid solution throughout the cycle, even during the
time below the stall angle.

Another interesting result has been suggested by J. H. Olsen

in a private communication26; namely, under certain conditions
the angle of attack can briefly exceed astatic without
(dC p/dX)dynamic ever attaining the critical static value. To satisfy
this condition that the dynamic pressure gradient at an arbitrary
point X must always be less than the corresponding static
gradient, we find from Eq. (12) that the amplitude of the
oscillation must be

Now in general, (/2 + #2)1/2 < 1 for k > 0. Since a =
ao + oqsincot, it is possible that at the top of the cycle oc can
exceed astatic without precipitating the viscous event in question,
at least within the framework of our basic hypothesis. This is
different from the situation described by Eq. (13), wherein the
viscous event does occur, but at a later time. The significance
of Eq. (14) is that it can be used to define a theoretical stall-free
regime above the static stall angle, where presumably we should
still be able to apply potential flow and thin boundary-layer
theory with confidence.

A Simple Experiment
To assess the validity of the preceding hypotheses about the

differences between static and dynamic airfoils, an oscillating
NACA 0012 model was tested under the following conditions:
0 = k = 0.5, 6° = oc0 g 13°, 4° g ai g 19°, A = 0.25, and Re =
3.5 x 105 and 5 x 105. The chord and span of the model were
15.2 and 30.5 cm, respectively. The instrumentation consisted of
a heated-film skin-friction gage20 and a small fast-response pres-
sure transducer at X — 0.1, and hot-wire anemometers at
A: = 0.1, 0.25, and 0.75.

The hot wires were normally mounted just outside the
boundary layer and used to detect large-scale disturbances in the
inviscid flow that might be symptomatic of stall. The hot wire
at X = 0.1 was also moved into the boundary layer, where it
and the skin-friction gage provided transition and separation
data. Oil flow visualization at k = 0 provided additional informa-
tion to support the interpretation of the hot wire and skin-
friction signals.

The experiment produced three distinct types of results. The
first, which could be compared directly with Eq. (13), was a local
boundary-layer separation and reattachment that occured below
the stall angle and did not significantly affect the potential flow
around the airfoil or the trailing vorticity in the wake. This
laminar separation bubble moved forward over the airfoil as a
increased and was easily detected by the skin-friction gage.
Another type of result was obtained by oscillating the airfoil so
that the maximum incidence exceeded the static stall angle by
only a few degrees and observing whether stall occurred at any
time during the cycle. By varying the frequency over a wide
range, an experimental stall boundary that could be compared
with Eq. (14) was generated. Finally, the airfoil was oscillated
about the static stall angle, and the incidence for the onset of
dynamic stall was observed. These more conventional results
were compared with data from other sources16'21"23 and with
Eq.(13).

It should be mentioned that despite considerable difference in
their signals after stall began, all five transducers registered the
initial onset of stall virtually simultaneously in almost every
case. Such behavior would generally be associated with the so-
called leading-edge type of stall for steady airfoils.

Results for Laminar Separation
Figure 8 shows the measured and predicted variation in the

angle of attack for laminar separation at the gage location
X = 0.1, as a function of reduced frequency; the ordinate in
Fig. 8 is merely a convenient rearrangement of Eq. (13). It
should be mentioned that in the case of OLI = 19°, stall occurred
during the later portion of the cycle. However, the large values
of a at the astatic for this discussion (approximately 7°) apparently
dominated the laminar separation at X = 0.1, and the results
agree with the completely unstalled data for a t = 6.2°.
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.4r

.3

.2

a = a0+ a, sin cut
x = O.I

a0, deg a |, deg
o 6.0 6.2
a 13.0 19.0

THEORY:-

__ as-ao / i A
a. Vv/^7^ /

.2
k = a»C/2Uco

.3 .4

Fig. 8 Comparison of the theoretical and experimental dynamic delay
in laminar separation on an NACA 0012 airfoil; as and aD denote the
static and dynamic angles of attack, respectively, for laminar separation

at X = 0.1.

The excellent agreement between the inviscid theory and the
data verifies Carta's basic idea for this particular viscous
phenomenon, and indicates that the important unsteady effects
occur in the potential flow, rather than in the boundary layer
itself.

Results for Dynamic Stall
The first case to be considered is the extent to which the

static stall angle can be exceeded without dynamic stall occurring
anywhere in the cycle. The upper limits predicted by Eq. (14),
evaluated at several chordwise stations, are shown in Fig. 9.
Also shown are the experimental conditions for which stall was
and was not observed. The half-solid symbols denote several
test points for which stall was observed during some cycles and
not during others, or for which only one or two transducers
showed evidence of stall. These points assisted in determining
the experimental stall boundary.

The measured boundary can be seen to rise with increasing
frequency; however, the quantitative agreement with theory is
much less satisfactory than in Fig. 8. In this case, the measured
stall delay is significantly less than predicted.

By contrast, the measured increase in the angle of attack for
the onset of dynamic stall for airfoils oscillating in and out of

NACA 0012 AIRFOIL
a = a0 + a, sin cut

——— THEORY, EQ(I4)
zzzzzzzzzz EXPERIMENT

.2 .3
k = OJC/2Uoo

Fig. 9 Theoretical and experimental boundaries for exceeding the static
stall angle with no evidence of stall. Open symbols denote absence of
stall throughout the cycle; solid symbols denote complete stall during

some part of the cycle.
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Fig. 10 Theoretical and experimental stall delay on oscillating NACA
0012 airfoils. Open symbols denote moment stall data; + denotes

initial breakdown of the potential flow.

stall, shown in Fig. 10, is significantly greater than predicted by
Eq. (13). In this figure, a0 « ass, 4.5° < a t < 6.2, and the present
data correspond to the angle of attack where the inviscid flowfieid
first began to break down, somewhat in advance of complete
stall. The theory of Crimi arid Reeves9 and the data of other
investigation16'21'23 correspond to the angles of attack where
nose-down pitching moments increased abruptly, usually the first
large-scale manifestation of dynamic stall.24 The spread between
the two types of data can be attributed to the finite time span
required for dynamic stall to develop; in fact, the maximum lift
was attained even later. But the point here is that no indication
of stall whatsoever appears until the airfoil has moved well past
the theoretical predictions.

The obvious conclusion to be drawn from the poor quantitative
agreement between theory and experiment in Figs. 9 and 10 is
that, unlike the laminar separation results described previously,
some sort of unsteady viscous effects must be influencing the
actual dynamic stall delay, and the purely inviscid pressure
gradient criterion will not suffice for predicting the major
differences between static and dynamic stall. In addition, the data
indicate that the dynamic stall process does not occur instan-
taneously, but requires a finite period of time between the first
major disturbances in the potential flow and the final flow
breakdown that causes an abrupt loss in lift. Perhaps the analysis
of the previous section could be coupled with unsteady boundary-
layer theory or extended to incorporate viscous interaction, but
we are forced to conclude that not even the delay in the very
onset of dynamic stall can be predicted from purely inviscid
considerations.

IV. Summary and Conclusions
The analysis presented in this paper consists of three straight-

forward steps: 1) the boundary condition on the airfoil and in the
wake is linearized, permitting the velocity potential to be
separated into thickness, camber, and angle-of-attack com-
ponents; 2) Alien's method for steady airfoils is employed to
improve the accuracy of the solution; and 3) Theodorsen's
analysis of an unsteady flat plate is used to describe the effects
of the unsteady wake. This enables a complete and accurate
solution to be developed with no new elaborate mathematical
analysis. Furthermore, the results are simple enough to permit
the predominant aerodynamic and geometric parameters to be
seen explicitly, given the steady solution of the airfoil.

Going beyond the normal limits of an inviscid investigation,
explanations of certain viscous phenomena were pursued using
purely inviscid notions about the longitudinal pressure gradients
on the airfoil. The combined theoretical and experimental results
of this pursuit indicate that unsteady viscous effects on oscillating
airfoils are much less important than unsteady potential flow
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effects, if the boundary layer does not interact significantly with
the main flow. However, this does hold true in the important
viscous inviscid interaction problem known as dynamic stall. In
this case, the inviscid theory correctly indicates the trends in the
onset of large scale boundary-layer separation, but not the
quantitative delay above the angle of attack for static stall. As
far as the practical manifestations of dynamic stall are con-
cerned, the inviscid criterion grossly underestimates the angles
of attack where pitching moment and lift first exhibit stall
behavior. Therefore, there appears to be a great deal left to be
done in solving the important problem of dynamic stall.

Appendix
In treating the oscillating flat plate in a uniform stream,

Theodorsen1 splits the velocity potential into noncirculatory
components, which depend solely upon the instantaneous motion
of the airfoil, and the circulatory components due to the time-
dependent sheet of vorticity in the wake. The strength of this
sheet is adjusted to satisfy the Kutta condition of finite velocities
at the trailing edge at each instant.

If we apply the mean surface approximation to an airfoil with
thickness and camber, the flat plate solution becomes the un-
steady counterpart of the "additional lift distribution," Va, in
Alien's theory,11 and the thickness and camber components of
U are independent of time for a rigid airfoil. Since Vt and Vc
do not alter the Kutta condition or the trailing edge matching
condition of the circulatory and noncirculatory components of
Va, the calculation of the unsteady wake depends only upon the
airfoil motion and is independent of the airfoil geometry.

In the semichord notation x = (2X — 1), Theodorsen gives the
following expressions for the components of (f>a and for the
Kutta condition :

4>noncircu,a,ory = « + + ~ « d ~ X2)1'2 (Al)

2 (* F(k)sinksdk

*V circulatory ^(l

r0 f
-x2)1/2J1

' / circulatory ^vtc

.p
Ji «2-i

(A2)

(A3)

If we are only interested in the pressure distribution, the
linearized expression for the circulatory components in the sum of
Eqs. (A2) and (A3), which is

2(1-x2)1

rJ
(A5)

That is, the effect of the wake on the pressure can be expressed
in terms of the Bessel functions, Jn(k) and Yn(k). The use of
Eq. (A4) to evaluate F0 and further algebraic manipulations
lead to Eq. (8).

Unfortunately, neither Eq. (A2) nor (A3) alone can be reduced
to combinations of Bessel functions or other standard integrals.
Therefore, we are forced to evaluate numerically one or other of
the integrals; the one in Eq. (A3) is easier because of the behavior
of the integrand at large £. This integration, facilitated by the
change of variable £ = cosh rj, provides the values of C* given
in Table 1 and Fig. 2. The complete solution using C and C* is
summarized in Table 2.

The wake integral Jw* for velocity for other airfoil motions
can be developed in the same way, merely substituting yw(£,t)
for F0 e~lk^ in the preceding equations. A particularly interesting
case is the step change in a; in this case, Garrick25 shows that
the Wagner function is related to the Theodorsen function as
follows:

Similarly

(A6)

(A7)

Figure 3 shows the result of this integration.
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Hypersonic Wake Aerodynamics at High Reynolds Numbers
MICHAEL L. FINSON*
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Motivated by ballistic range shadowgraphs, a theory has been developed for the wakes of slender cones under
hypersonic, turbulent boundary-layer conditions. In the proposed model, the near wake is dominated by residual
boundary-layer turbulence. It is shown that the intensity and scale size of this turbulence should be considerably
smaller than equilibrium wake turbulence values. The resulting low-eddy viscosity provides an explanation for the
slow observed wake growth. An approximate method is formulated for computing the near wake development of
the turbulent intensities, Reynolds stress, and macroscale. Calculations in the expansion region suggest that a
necessary condition for the postulated dominance of the near wake by residual boundary-layer turbulence is that
the Reynolds number be sufficiently large that the boundary-layer turbulence not "relaminarize" upon expansion.
The eventual recovery to equilibrium wake turbulence is predicted to require downstream distances of many
hundreds of body diameters. Computed wake growth rates compare favorably with shadowgraph data.

I. Introduction

A' moderate Reynolds numbers, the boundary layer on a
body moving at hypersonic speeds is laminar and transition

to turbulence occurs in the wake. Some time ago Lees and
Hromas1 showed that, downstream of the transition zone, the
wake grows in a manner which may be described well by
calculations based on a locally similar turbulent mixing rate.
Recent ballistic range shadowgraphs have suggested a very
different wake behavior at higher Reynolds numbers, where there
is a well-developed turbulent boundary layer on the body. As
an example, Fig. 1 shows shadowgraphs of the near wakes of
two cone launchings carried out at the Naval Ordnance Lab.2
For the case shown in the upper photograph, at M^ = 6.3, the
boundary layer is laminar. Due to the relatively high Reynolds
number in this laminar case (Re^ D = 3x 106), there is no notice-
able laminar run in the wake. Transition occurs in the neck
region, and seems to cause a rapid establishment of large scaled,
intense wake turbulence. In the lower photograph the boundary
layer is clearly turbulent. Although it must be recognized that
shadowgraphs can provide distorted impressions of the flow
(they respond to the second derivative of the density, and may
observe only the outer portions of the wake), there appears to
be a distinct difference in flow structure between the two cases.
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This difference was first noticed by Levensteins and Krumins3

in their analysis of these and many other shadowgraphs. Both
the standard deviation and the correlation microscale of the wake
edge location were found to be significantly smaller in the
turbulent boundary-layer case. They noted that "It appears that
the scale of turbulence that exists in the turbulent boundary layer
persists for some distance downstream in the wake. Subsequently,
a transition to larger-scale turbulence occurs. For the flow

LAMINAR BOUNDARY LAYER = 63 Re a, to = 3 x I06

TURBULENT BOUNDARY LAYER , = 10.0 Re oo>D = 5 x !06

Fig. 1 Naval Ordnance Lab. ballistic range shadowgraphs2 of typical
laminar and turbulent boundary-layer cases.


